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Abstract.  
Lead-rubber seismic isolation bearings (LRB) have been installed in a number of essential and 
critical structures, like hospitals, universities and bridges, located in earthquake-prone areas. The 
purpose of using LRB is providing the structure with period lengthening and the capacity of dissi-
pating a considerable amount of earthquake energy to mitigate the damaging effects of strong 
ground motions. Therefore, studying the damage mechanics of this kind of devices is fundamental 
to understand and accurately describe their thermo-mechanical behavior, so that seismically iso-
lated structures can be designed more safely. 
 
Traditionally, up to this point, damage mechanics of LBR has been modeled using Newtonian 
mechanics and empirical curve fitting degradation functions. The reason for using empirical deg-
radation polynomials is the fact that Newtonian mechanics lacks the capacity to account for degra-
dation of a system. In this paper, the Unified Mechanics Theory – which integrates laws of 
Thermodynamics and Newtonian mechanics – is used to model stress-strain response of LRB. 
When Unified Mechanics Theory is used, there is no need for curve fitting techniques to describe 
the degradation behavior of the material. Degradation at every point is calculated using the physics 
based fundamental equations of the material along the Thermodynamics State Index (TSI) axis. 
 
A finite element model of a lead-rubber bearing was constructed in ABAQUS, where a user 
material subroutine UMAT was implemented to define the Unified Mechanics Theory equations 
and the viscoplastic constitutive model for the lead core. Finite element analysis results were com-
pared with experimental test data. 
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1 Introduction 
In this study, the Unified Mechanics Theory [1-21] was utilized to model the hysteretic 
thermo-mechanical behavior of a lead-core rubber seismic isolation bearing. Finite element 
analysis results were compared with lab test data taken from [22, 23]. In the literature, all similar 
studies are based on applying Newtonian mechanics and empirical curve fitting degradation 
equations. This is the first attempt to model the mechanical behavior of LRB by means of the 
Unified Mechanics Theory [24]. 
A brief summary of the complex behavior of lead and why it is used in elastomeric bearings 
is given in the following section. The simplified force-displacement curve for LRB is presented 
too. Then, the fundamentals of the Unified Mechanics Theory and its application to model lead 
as a degradation-coupled viscoplastic material are explained. Finally, the results obtained from 
ABAQUS finite element LRB simulations are compared with test data. 
2 Mechanical Properties of Lead-Rubber Bearings 
2.1 Mechanical behaviour of lead 
The mechanical properties of lead depend on multiple factors, such as crystal structure, de-
gree of plastic deformation, temperature, purity, and deformation rate. 
Lead (Pb) has an A1-type Face-Centered Cubic (FCC) crystal structure, so that it remains 
ductile even at very low temperatures. 
In general, plastic flow mechanisms in metals involve processes occurring at the atomic scale, 
such as thermally activated diffusion of atoms and slip/slide mechanism of dislocations. In lead, 
the contribution of thermally activated diffusion to plastic flow (creep) is very significant due 
to its low melting point (TM = melting temperature in K = 600o K approx.), with values of the 
homologous temperature (T/TM) around 0.5 at a room temperature of 20°C (293 K). 
 It is well known that creep mechanism becomes governing for all metals at 0.4TM. Thus, at 
T/TM values of 0.5, three important processes occur in lead undergoing plastic deformation: 
recovery, recrystallization and grain growth. During recovery, the stored energy of the de-
formed grains is reduced by the dislocations moving to form lower energy configurations, and 
by the annihilation of vacancies. Recrystallization occurs when small, new, undeformed grains 
nucleate among the deformed ones. Grain growth occurs as new grains become larger at the 
expense of deformed and/or new grains [23]. 
It is important to highlight that the greater the percentage of cold work (plastic deformation) 
is, the lower the recrystallization temperature is. Thus, high cold work and high temperatures 
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facilitate recrystallization. Likewise, the beginning of recrystallization shifts to lower tempera-
tures and less amounts of cold work on increasing degree of purity of lead. In LRB, lead is of 
high purity; i.e., more than 99.9%. 
As a conclusion, recrystallization leads to smaller grains and makes lead more ductile even 
at low temperatures, which makes it an ideal material to be used in seismic isolators to reach 
high energy dissipation capacity.  
 
2.2 Hysteretic behaviour of lead-rubber bearings 
Lead-rubber isolation bearings are assumed to have the idealized behavior shown in Figure 
1. The principal parameters are the characteristic strength 𝑄𝑑 and the post-elastic stiffness 𝐾𝑑. 
 
Figure 1: Idealized force-displacement curve of a lead-rubber bearing [23] 
The value of the elastic stiffness 𝐾𝑢 is expected to be close to 10𝐾𝑑, while the yield dis-
placement 𝐷𝑦 varies from 12 to 25 mm. 
The energy dissipation capacity of LRB is closely related to the characteristic strength. This 
strength is dependent on the confinement of the lead core as well as its rate of shear strain 
deformation and the history of loading in terms of the number, amplitude and frequency of 
high-speed seismic motion cycles leading to heating effects [23]. 
2 Unified Mechanics Theory 
Unified Mechanics Theory integrates laws of Thermodynamics and universal laws of motion 
of Newton, which forms the basis for Newtonian continuum mechanics, in order to describe 
irreversible processes, as degradation. 
Degradation evolution occurring in a system follows laws of Thermodynamics. According 
to second law of Thermodynamics, entropy production rate becomes minimum when entropy 
is maximum. When a system can no longer generate entropy for a pre-defined mechanism, it is 
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considered failed (or dead). Degradation happens due to irreversible entropy generation, which 
is always a non-negative quantity.  
While Unified Mechanics Theory is not new, however, this is the first application to model 
the hysteretic behavior of LRB. Unified Mechanics Theory laws can be summarized in their 
simpler form as follows: 
𝐹 = 𝑚𝑎(1 − Φ(?̇?))                                                        (1) 
     𝐹  = 𝑘𝑢(1 − Φ(?̇?))                                                        (2) 
 
where Φ is the Thermodynamic State Index (TSI), which is the normalized form of the second 
law of Thermodynamics. It is defined by the fundamental equation of the materials which pro-
vides the entropy generation rate (?̇?) in the system for all active micro mechanisms. Value of 
TSI starts at zero and finally reaches one.  F is the force, m is the mass, a is the acceleration, k 
is the stiffness, and u is the displacement. Equation (1) is nothing but the combination of second 
and third universal laws of motion of Newton and the second law of Thermodynamics.  Degra-
dation of an initial stiffness or acceleration happens according to the first and second laws of 
Thermodynamics. 
 
2.1 Conservation laws 
Thermodynamics is based on two fundamental laws: the first law of Thermodynamics or law 
of conservation of energy, and the second law of Thermodynamics or entropy law. Nevertheless, 
as mass densities may change in time, it is also necessary to formulate the law of conservation 
of mass [25]. 
 
2.1.1 Conservation of mass 
The total mass in any volume element of the system can only change if matter flows into or 
out of the volume element, which can be expressed as: 
 
𝑑𝜌
𝑑𝑡
= −𝑑𝑖𝑣𝜌𝑣                                                                   (3) 
 
where: 𝜌 = density, 𝑣 = velocity vector. 
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2.1.2 Conservation of energy 
Assuming that the only energy transfer to the system is by mechanical work done on the 
system by surface tractions and body forces, by heat exchange through the boundary, and by 
distributed internal heat sources. Then, the total energy content within an arbitrary volume in 
the system can only change if energy flows into or out of the volume through its boundary, 
which can be expressed as: 
𝑑𝜌𝑒
𝑑𝑡
= −𝑑𝑖𝑣𝐽𝑒 + 𝜌𝑟                                                             (4) 
 
where: 𝑒 = total specific energy per unit mass, 𝐽𝑒 = total energy flux per unit surface and unit 
time, 𝑟 = distributed internal heat source per unit mass. 
 
2.2 Entropy balance 
Entropy is a measure of how much energy is unavailable to do work as a result of loss and 
dissipation during a process.  Therefore, entropy can only increase. The biggest difference be-
tween entropy and energy is that entropy can be created.  This changes the nature of entropy 
equations. The variation of total entropy 𝑑𝑆 at a point may be written as the sum of two terms 
for a closed-isolated system: 
𝑑𝑆 = 𝑑𝑆𝑒   + 𝑑𝑆𝑖                                                                (5) 
 
where: 𝑆𝑒 = entropy gained from the transfer of heat from external sources across the boundary 
of the system, 𝑆𝑖 = entropy produced inside the system. The second law of Thermodynamics 
states that 𝑑𝑆𝑖 ≥ 0, while 𝑑𝑆𝑒 can be positive, zero or negative. 
Rewriting equation (5) in local form at a point: 
𝜌
𝑑𝑠
𝑑𝑡
= −𝑑𝑖𝑣𝐽𝑆 + 𝛾                                                              (6) 
 
where: 𝑠 = entropy at a point per unit mass, 𝐽𝑆 = entropy flux, 𝛾 = entropy production per unit 
volume and unit time (𝛾 ≥ 0), which can be calculated for a thermo-mechanical process by: 
𝛾 =
1
𝑇
𝜎: 𝐷 −
𝜌
𝑇
𝑑𝑤𝑎𝑣𝑎
𝑑𝑡
+
𝑘
𝑇2
|𝑔𝑟𝑎𝑑 𝑇|2 +
𝜌𝑟 
𝑇
                                      (7) 
 
where: 𝐷 = symmetric rate of deformation tensor, 𝑇 = temperature, 𝑤𝑎𝑣𝑎 = available work, 𝑘 = 
thermal conductivity of the solid. 
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2.3 Fully coupled thermo-mechanical equation 
The fully coupled thermo-mechanical equation can simulate the evolution of temperature in 
solids due to any mechanical work with properly imposed boundary conditions [26]: 
 
𝑘∇2𝑇 = 𝜌𝐶?̇? − 𝜎: 𝜀̇𝑃 + 𝐴𝑘: ?̇?𝑘 − 𝜌𝑟 − 𝑇 (
𝜕𝜎
𝜕𝑇
: 𝜀̇𝑒 +
𝜕𝐴𝑘
𝜕𝑇
: 𝑉?̇?)                         (8) 
 
where: 𝐶 = specific heat, ?̇?𝒑 = plastic strain rate, 𝐴𝑘 = thermodynamic forces associated with 
the internal variables 𝑉𝑘, 𝜺
𝒆 = elastic strain. Knowing that 𝐴𝑘: ?̇?𝑘 represents 5 to 10% of irre-
versible entropy generation in thermo-mechanical processes [2], equation (8) can be simplified: 
 
𝑘∇2𝑇 = 𝜌𝐶?̇? − 𝜎: 𝜀̇𝑃 − 𝜌𝑟 − 𝑇
𝜕𝜎
𝜕𝑇
: 𝜀̇𝑒                                             (9) 
 
2.4 Degradation evolution function 
Degradation is the progressive deterioration that occurs in materials prior to failure. Cumu-
lative damage analysis plays a key role in life prediction of components and structures [2]. 
In Unified Mechanics Theory, degradation or damage evolution function is based on Ther-
modynamics and statistical physics. It is well established in Unified Mechanics Theory that 
there is a relationship between irreversible entropy generation and degradation. During the cu-
mulative damage process, the internal entropy production, which is a measure of disorder of a 
system, must increase according to the second law of Thermodynamics. Thus, it can be used 
for mapping the evolution of damage onto thermodynamic state index axis, which can have 
values between zero and one.  Thermodynamic State Index is given by [1-21]: 
 
Φ = [1 − 𝑒−
𝑚𝑠
𝑅
(𝑠−𝑠0)]     (10) 
 
where: 𝑚𝑠 = molar mass, 𝑅 = universal gas constant, s = entropy at a point at time t, and 𝑠𝑜 = 
initial entropy at a point at the beginning of the process (it can be taken as zero, for the reference 
state). The change in entropy (𝑠 − 𝑠0)  at a point can be calculated using the fundamental equa-
tion for a thermo-mechanical loading [2]: 
Δ𝑠 = 𝑠 − 𝑠0 = ∫
𝜎: 𝜀̇𝑃
𝑇𝜌
𝑑𝑡 + ∫
𝑘
𝑇2𝜌
𝑡0
𝑡
𝑡
𝑡0
|𝑔𝑟𝑎𝑑 𝑇|2𝑑𝑡 + ∫
𝑟
𝑇
𝑡
𝑡0
𝑑𝑡                     (11) 
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In this fundamental equation, it is assumed that entropy generation is limited to plastic work 
and internal heat generation under cyclic loading. In this study, for simplicity, only the first 
term of equation (11) was taken into account to calculate Δ𝑠. Therefore, certain amount of error 
is expected. 
It must be emphasized that only irreversible entropy generation 𝑆𝑖 should be used as a basis 
for the systematic description of damage processes because 𝑆𝑒 has no influence in the degrada-
tion of materials [2]. 
Given that Δ𝑠 is a non-negative quantity, Φ ≥ 0 is always satisfied.  
 
2.5 Degradation coupled viscoplasticity material model 
Unified Mechanics Theory provides a framework for degradation of material properties ac-
cording to laws of Thermodynamics. 
 
2.5.1 Incremental form of constitutive relationship for nonlinear materials 
In accordance with the strain equivalence principle and Hooke’s law, the elasticity constitu-
tive relationship (assuming small strains) can be written as: 
 
𝑑𝜎 = (1 − Φ)𝐶0(𝑑𝜀 − 𝑑𝜀
𝑝 − 𝑑𝜀𝑇)                                            (12) 
 
where: 𝐶0 = initial stiffness matrix, 𝑑𝜀 = total strain increment, 𝑑𝜀
𝑝 = inelastic strain increment, 
𝑑𝜀𝑇 = thermal strain increment. 
 
2.5.2 Von Mises yield surface with isotropic and kinematic hardening 
An elasto-plastic domain is defined according to the Von Mises type yield function: 
 
𝐹 = ‖𝑆 − 𝑋‖ − √
2
3
𝜎𝑦 = √(𝑆 − 𝑋): (𝑆 − 𝑋) − √
2
3
(𝜎𝑦0 + 𝑅)                 (13) 
 
where: 𝐹 = yield surface separating the elastic from the inelastic response, 𝑆 = deviatoric com-
ponent of the total stress tensor 𝜎, 𝑋 = deviatoric part of the back stress tensor, 𝜎𝑦0 = initial size 
of the yield surface, 𝑅 = isoperimetric hardening function giving evolution of the size of the 
yield surface. 𝑅 and ?̇? can be calculated by [27]: 
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𝑅 = 𝑅∞(1 − 𝑒
−𝑐𝛼)                                                            (14) 
?̇? =
2
3
𝑐1?̇?
𝑃 − 𝑐2𝑋?̇?                                                            (15) 
 
where: 𝑅∞ = isotropic hardening saturation value, 𝑐 = isotropic hardening material parameter, 
𝑐1 = 𝑋∞ = non-linear kinematic hardening saturation value, 𝑐2 = nonlinear kinematic harden-
ing material parameter, ?̇? = equivalent plastic strain rate, which can be computed by: 
 
?̇? = √
2
3
(?̇?𝑝?̇?𝑝)                                                                   (16) 
 
2.5.3 Flow rule and consistency parameter 
The evolution of the plastic strain vector is represented by a general flow rule of the form: 
𝜀̇𝑃 = ?̇?
𝜕𝐹
𝜕𝜎
= ?̇??̂?                                                               (17) 
 
where: ?̂? = vector normal to the yield surface that specifies the direction of plastic flow, ?̇? = 
amount of plastic flow or non-negative consistency parameter rate. For a rate dependent mate-
rial model, ?̇? can be calculated by: 
?̇? =
〈𝜙(𝐹)〉
𝜂
                                                                  (18) 
where: 𝜂 = viscosity material parameter, 〈 〉 = Macauley brackets, 𝜙(𝐹) = material specific 
function defining the character of the viscoplastic flow. 
 
2.5.4 Viscoplastic creep law 
The creep law used to model the lead core in the LRB under study is given by [28]: 
𝜀̇𝑃 =
𝐴𝐷0𝐸𝑏
𝑘𝑇
 (
〈𝐹〉
𝐸
)
𝑛
(
𝑏
𝑑
)
𝑝
𝑒−
𝑄
𝑅𝑇
𝜕𝐹
𝜕𝜎
                                            (19) 
 
where: 𝐴 = temperature and rate dependent dimensionless material parameter, 𝐷0 = frequency 
factor, 𝐸 = temperature dependent Young’s modulus, 𝑏 = characteristic length of crystal dislo-
cation (magnitude of Burger’s vector), 𝑘 = Boltzmann’s constant, 𝑇 = absolute temperature in 
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Kelvin, 𝑛 = stress exponent for viscoplastic deformation rate, 𝑑 = average grain size, 𝑝 = grain 
size exponent, 𝑄 = creep activation energy, 𝑅 = universal gas constant. 
 
From equations (17), (18) and (19):  
 
〈𝜙(𝐹)〉 = 〈𝐹〉𝑛                                                                (20) 
𝜂 =
𝑘𝑇
𝐴𝐷0𝐸1−𝑛𝑏
 (
𝑑
𝑏
)
𝑝
𝑒
𝑄
𝑅𝑇                                                      (21) 
 
3 Finite Element Model of a Lead-Rubber Bearing 
3.1 Geometric description of the LRB 
The lead-rubber bearing analyzed herein is shown in Figure 2. 
 
 
Figure 2: Geometry of the LRB seismic isolator under study [22, 23] 
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3.2 Properties of materials 
 Mechanical properties were taken/calculated from [22, 23]. For example, the Young’s 
modulus 𝐸 = 0.42𝐺𝑃𝑎 at 20°C (Figure 3) was measured by means of a monotonic tensile test 
of a hig-purity lead specimen.  
 
Figure 3: Determination of the Young’s modulus 𝐸 of high-purity lead at 20°C [23] 
Lead material properties needed for the viscoplastic constitutive model were assumed to be 
similar to eutectic 63Sn/37Pb solder alloy . This approximation was made because viscoplastic 
material and hardening properties of pure lead were not available. In order to verify the 
adequacy of such assumption, the monotonic test reported in [23] was simulated in ABAQUS. 
As a consequence, 𝑅∞ and 𝑋∞ parameters were divided by four to obtain results in some way 
consistent with those shown in Figure 3 (see Figure 4). 
 
 
Figure 4: Simulation in ABAQUS of the monotonic tensile test (20°C) of Figure 3  
before (left) and after (right) modifying isotropic and non-linear kinematic  
hardening saturation values 
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Given that the second and third term of the fundamental equation (11) were not considered 
in the analysis, an average increase of 20°C per cycle in the temperature of the lead core for the 
first six loops were applied based on the reported test data [22, 23]. 
Moreover, rubber was considered as Neo-Hookean material and steel as linear-elastic mate-
rial. 
 
3.3 Analysis using ABAQUS and comparison with lab test data 
Figure 5 shows the mathematical model used to simulate the hysteretic behavior of the LRB. 
 
  
Figure 5: Finite element model of the LRB seismic isolator in ABAQUS: 
left: mesh cross section; right: LRB reaching the maximum displacement DM = 0.30m. 
 
Figure 6 presents the theoretical and experimental hysteresis loops of the lead-rubber bearing. 
 
Figure 6: Force-displacement loops of the LRB from  
Unified Mechanics Theory and lab test [22, 23] 
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Finally, Tables 1 to 3 compare the energy dissipated per cycle (𝐸𝐷𝐶), the effective stiffness 
(𝐾𝑒𝑓𝑓) and the effective damping (𝛽𝑒𝑓𝑓) obtained from Unified Mechanics simulations and la-
boratory test. 
Table 1: Comparison of the energy dissipated per cycle (𝐸𝐷𝐶)  
obtained from Unified Mechanics Theory and test data 
Cycle 
EDC (kN-m) 
e (%) 
Test Model 
1 375.0 489.3 30.5 
2 305.0 329.1 7.9 
3 260.0 207.1 -20.4 
 
Table 2: Comparison of the effective stiffness (𝐾𝑒𝑓𝑓)  
obtained from Unified Mechanics Theory and test data 
Cycle 
Keff (kN/m) 
e (%) 
Test Model 
1 2583.0 2595.5 0.5 
2 2240.1 2130.8 -4.9 
3 2112.4 1836.3 -13.1 
 
Table 3: Comparison of the effective damping (𝛽𝑒𝑓𝑓)  
obtained from Unified Mechanics Theory and test data 
Cycle 
βeff 
e (%) 
Test Model 
1 0.249 0.323 29.9 
2 0.233 0.265 13.4 
3 0.211 0.193 -8.4 
 
4 Conclusions  
 Although material properties for high-purity lead were obtained indirectly, the match be-
tween LRB force-displacement hysteresis curve from Unified Mechanics Theory and the 
one from lab test can be considered reasonable. 
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 The Unified Mechanics model could capture the important difference in energy dissipated 
per cycle (EDC) between the first and the second hysteresis loops. 
 The percentages of error in EDC, effective stiffness and effective damping were 7.9, -4.9 
and 13.4% for the second loop. This is particularly important because second loops are 
often used to calculate nominal mechanical properties of seismic isolators. 
 Even though a small-strain formulation was used, it was demonstrated that it can be applied 
for modelling lead-rubber bearing behavior as a first order approximation. However, error 
between simulations and test data is partly due to this shortcoming.  Large strain formula-
tion must be used for accurate analysis. 
 Material properties of eutectic 63Sn/37Pb solder alloys were used in the analysis. It is 
necessary to obtain properties for high-purity lead (99.9%). 
 It is recommended to include all entropy generation mechanisms of equation (11) in the 
calculation of entropy generation rate. 
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